Geodesic equations of the vacuum C-metric are derived and solved for various cases. The solutions describe the motion of timelike or null particles with conserved energy and angular momentum. Polar, nearly-circular orbits around weakly accelerated black holes may be regarded as a perturbation of circular Schwarzschild geodesics. Results indicate that circular Schwarzschild geodesics of radius r 0 > 6m are stable under small uniform accelerations along the orbital plane. These stable orbits undergo small oscillations around r 0 , behaving like a harmonic oscillator driven by a periodic force plus another constant force. Circular orbits with axis parallel to the direction of black hole acceleration are also considered. In this case an algebraic relation expressing the condition of stability is obtained. This refines the stability analysis done in previous literature. We also present an analysis of radial geodesics along the poles. There exist a solution where a particle remains at unstable equilibrium at a fixed distance directly behind the accelerating black hole.
Introduction
The C-metric is a well known solution to Einstein's equation that describes black holes with mass parameter m under uniform acceleration parametrized by A. The physical interpretation of the C-metric was obtained by, among others, Kinnersley and Walker [1] , and Bonnor [2] . The uniform acceleration of the black hole is caused by conical singularities that may be interpreted either as the black hole being pulled by a cosmic string, or pushed by a cosmic strut.
The most familiar form of the metric is perhaps written in C-metric coordinates (see Eq. (1) below), with structure functions F (y) and G(x) which are, respectively, polynomials in y and x. In Ref. [3] , Hong and Teo presented the C-metric in a new form in which F (y) and G(x) are factorized, allowing the roots of the functions to be written in simple forms. In our study of geodesic motion, it is often convenient to use spherical-type coordinates, where we will use the form presented in [4, 5] . One of the advantages of using spherical-type coordinates is that the metric directly reduces to the Schwarzschild limit when A → 0. This will allow direct comparisons between orbits of the C-metric and the Schwarzschild black hole. Furthermore, as we shall see in this paper, it also allows us to find approximate solutions for C-metrics with small A as a perturbation of Schwarzschild solutions.
Geodesics of the C-metric were earlier studied by Pravda and Pravdová [6, 7] in Cmetric coordinates, as well as Weyl coordinates and coordinates adapted to boost-rotation symmetry. In their paper they considered an analytical solution representing circular orbits around the accelerating black hole and analyzed their stability. It was found that stable timelike circular orbits exist for relatively small values of mA ( 4.54 × 10 −3 ). A corresponding generalization of this work to the anti-de Sitter background was considered in Ref. [8] . In Ref. [9] , by using the existence of a conformal Killing tensor in the C-metric, the equations for null geodesics are separated and studied in the context of gravitational radiation in the anti-de Sitter C-metric.
The vacuum C-metric may be viewed as a nonlinear superposition of Schwarzschild and Rindler spacetimes [10] . Thus, the geodesics of the C-metric should then be physically interpreted as the motion of test particles under the gravitational influence of a black hole, in addition to a uniform constant force. This was denoted as the gravitational Stark effect by Bini et al. [10, 11] . The Newtonian Stark effect 1 -which is the motion of particles under a Kepler potential plus a constant force-has been considered in the context of celestial mechanics in Refs. [12, 13, 14] . The equations of motion under a Newtonian Stark potential are well known to be separable if one uses parabolic coordinates. 2 In the case of the C-metric geodesic equations the separability of the Hamilton-Jacobi equation for timelike particles (if any) is not obvious. We will, however, consider certain special cases where analytical or approximate solutions could be found. This paper is organized as follows. In Sec. 2 we review the properties of the neutral, Ricci-flat C-metric. The geodesic equations and constants of motion are derived in Sec. 3. In Sec. 4 the general, qualitative behavior of the geodesics is considered by studying the effective potential. Sec. 5 follows by studying the geodesics with zero angular momentum. Here, we shall see that analytical solutions are possible for radial motion along the poles. For non-radial motion, we find approximate solutions describing polar orbits with small A. This is possible by considering them as perturbations of circular Schwarzschild orbits of radius r 0 . We will find that circular timelike orbits with r 0 < 6m are unstable, while those with r 0 > 6m will have orbits making small oscillations around r 0 when a small A is introduced. In Sec. 6 we consider circular orbits encircling the acceleration axis and analyze its stability by introducing small displacements to the circular trajectories. A few examples of numerical solutions for bound, co-accelerating orbits are presented in Sec. 7.
This paper concludes in Sec. 8 where a summary and discussion of possible future work is presented. It is worth noting that the perturbative analysis of Sec. 5 differs from the one in Sec. 6.
The perturbative solutions found in Sec. 5 correspond to a small A approximation of the geodesic equations, which may be interpreted as orbits around the perturbed Schwarzschild spacetime with a small acceleration along the orbital plane. On the other hand, the circular geodesics in Sec. 6 are considered for any generic A, which need not be small. The perturbation refers to small displacements given to the orbiting particle itself.
The metric
We consider the vacuum C-metric written in the factorized form, which is given by [3] 
where
The metric is a solution to the vacuum Einstein equations with zero cosmological constant, R µν = 0. The parameters m and A are related to the mass and acceleration of the black hole, respectively. For the metric (1) to have a Lorentzian signature, the coordinates are restricted to −1 < x < 1, and −1/2mA < y < −1, in addition to the condition 2mA ≤ 1.
It is often convenient to introduce spherical-type coordinates [4] by the transformation
Then the metric becomes
The coordinate ranges are now 2m < r < 1/A and 0 ≤ θ ≤ π, this only covers the region between the black hole horizon and the acceleration horizon. The periodicity of φ is −πC 0 ≤ φ ≤ πC 0 , where C 0 is chosen to eliminate conical singularities either on the θ = 0 or θ = π axis. The singularity at θ = 0 can be eliminated by setting
This corresponds to the black hole being accelerated by a cosmic string. On the other hand, setting C 0 = (1 − 2Am) −1 eliminates the singularity at θ = π, which corresponds to the black hole being pushed by a cosmic strut.
Geodesic equations
The Lagrangian for geodesic motion in the spacetime (1) is given by
where ǫ = −1 corresponds to timelike geodesics, and ǫ = 0 for null geodesics. The geodesic equations can be derived using the Euler-Lagrange equation
where τ is an affine parameter that parametrizes the trajectory, and overdots denote derivatives with respect to τ . The two Killing vectors ∂/∂t and ∂/∂φ give rise to two constants of motion E and Φ, which are related to the first integrals of thet and φ coordinate byṫ
The constants E and Φ can be physically interpreted as the energy and angular momentum of the particle. Substituting (8) into (6) gives a constraint
The constraint equation can be rewritten in terms of an effective potential formulation:
is the effective potential for the geodesic motion. We may find the existence of stationary or bound/unbound orbits by analyzing the behavior of V eff (x, y). The equations of motion for x and y are obtained by applying Eq. (7), which gives
Here primes denote derivatives with respect to the argument of the function. (F ′ = dF/dy and G ′ = dG/dx.) The solutions to these equations should also obey Eq. (9). This feature can be used as a consistency check for numerics. In spherical-type coordinates, the conserved quantities arė
while the equations of motion are given bÿ
The constraint equation in these coordinates is
When cast into the effective potential formulation, the constraint equation becomes
Eqs. (15), (16), and (14) can be solved numerically using the fourth-order Runge Kutta algorithm. Recalling that the periodicity of φ is −πC 0 ≤ φ ≤ πC 0 , the results may be visualized in Cartesian-like coordinates with
4 Effective potential
Timelike geodesics
Before proceeding to solve the equations of motion, we first make some general observations regarding the behavior of the geodesics by studying the effective potential in Eq. (19) . The typical shapes of equipotential curves of V 2 eff = constant for timelike particles are shown in Fig. 1 . In this figure, we see that the geodesics can typically reside in one of three regions, corresponding to three possible outcomes for the particles, namely (i) falling into the black hole horizon r = 2m, (ii) bound geodesics co-accelerating with the black hole, and (iii) falling into the acceleration horizon r = 1/A. Typically regions (i) and (ii) are small relative to the full coordinate range 2m < r < 1/A, (they are barely visible in the left plot of Fig. 1 ). The right plot of Fig. 1 focuses on a range of r close to the black hole such that (i) and (ii) are visible.
It is interesting to observe that a large portion of region (iii) lies under the θ = π/2 line, which brings particles closer to the θ = 0 pole. Recalling that the black hole is accelerated by the cosmic string/strut in the θ = π direction, we have the intuitive notion that the particles tend to get 'left behind' by the accelerating black hole.
In general, the regions (i), (ii) and (iii) are not always distinct from each other. By tuning the values of Φ, E and A, it is possible that region (i) becomes connected to (ii), 
Null geodesics
For null geodesics, since ǫ = 0, it can be seen from Eq. (17) that the equationṙ =θ = 0 has three roots for r at most (one of them is possibly negative). Therefore curves of V 2 eff can at most separate into two distinct regions accessible by null geodesics. (See Fig. 3 .) Stable, bound co-accelerating orbits are not possible, consistent with the Schwarzschild case, with the particles either falling into the black hole horizon or through the acceleration horizon. Circular photon orbits of constant r and θ are possible, and it was shown analytically in [6] that such orbits are unstable. This is analogous to the unstable Schwarzschild circular photon orbits of r = 3m.
Geodesics with zero angular momentum
We first consider geodesics with Φ = 0. In this case the equations of motion remain finite at the axes where θ = 0 or π. Therefore we can consider geodesics passing through the poles. Strictly speaking, geodesics that pass trough both θ = 0 and θ = π are not possible because the particles would collide with the cosmic string or strut responsible for the black hole acceleration. We can however assume that it is indeed possible for the particles to pass arbitrarily close to the axis, and hence the geodesic equations at θ = 0, π holds as an approximation. 
A typical plot of V 2 eff is shown in Fig. 4a . We see that there exists an unstable equilibrium point at
where d (V 2 eff ) /dr = 0. Therefore it is possible for a radial timelike particle to be coaccelerated at a fixed distance 'behind' the accelerating black hole. However this eqilibrium is unstable as it can be shown that d 2 (V 2 eff ) /dr 2 is negative. A small perturbation will cause the particle to either fall into the black hole, or fall behind the acceleration horizon.
At the north pole Eq. (17) becomeṡ
The turning points of the particle motion are found by solvingṙ = 0, where we find
At the north pole, r + > r − > 0. The regions accessible by the particles are either 2m < r ≤ r − , or r ≥ r + ; for a given energy E, there is a potential barrier at r − < r < r + . As already seen by the analysis of V 2 eff above, a value of E may be chosen such that the two roots coincide, and the potential barrier vanishes. The particle sitting at r = r − = r + will be at the point of unstable equilibrium.
We can rewrite Eq. (23) in terms of the roots r ± and solve it for a timelike particle starting at an initial position r init and obtain
where we may set τ (r init ) = 0. The above integration can be expressed in terms of various elliptic integrals. However the expressions are long and cumbersome, and not particularly illuminating; so we will not show them here. For specific values of E and A this may be calculated easily with the use of a computer algebra package. As an example, for A = 0.005 and m = 1, a particle with energy E 2 = 0.7 will see a potential barrier in the region r − < r < r + . If it starts from rest at r = r + , is separated from the black hole horizon by a potential barrier. It will fall beyond the acceleration horizon in proper time
On the other hand, if it starts from rest at r = r − instead, it falls in the potential well toward the black hole in proper time τ (2m) ≃ 27.782.
Timelike radial geodesics along the south pole
Along the south pole (θ = π), Eq. (19) reduces to
A plot of this potential is shown in Fig. 4b . The equations for the case along the south pole can simply be obtained by replacing A → −A in Eq. (21) . For this case, there is no value of r > 0 that satisfies d (V 2 eff ) /dr = 0. Therefore there are no equilibrium points for particles along the south pole; it is not possible for a timelike particle to be co-accelerated at a fixed distance 'ahead' of the black hole.
Turning to Eq. (17), the equation of motion iṡ
we find turning points of the particle motion are found by solvingṙ = 0, where we get
Here at the south pole, only the upper root r + is positive. Therefore the range of allowed motion is 2m < r ≤ r + . We can rewrite Eq. (27) in terms of the roots r ± and solve it for a timelike particle starting at an initial position r init and obtain
where we have set τ (r init ) = 0. As an example, for A = 0.02 and m = 1, a particle with energy E 2 = 0.9 initially at rest at r = r + , the proper time for it to fall into the horizon is given by τ (2m) ≃ 15.647. 
Radial null geodesics
The analysis of radial null geodesics is much simpler since for ǫ = 0, in addition to Φ = 0, Eq. (17) simplifies intoṙ
where ξ = cos θ. (Therefore ξ = 1 at the north pole, and ξ = −1 at the south.) The equation is solved by
If we consider theṫ equation (14) to obtain dr dt = ±Q.
The solution is
We see from Eq. (31) that radial photons fall into the horizon in finite proper time, but takes infinite coordinate time to reach the black hole horizon or the acceleration horizon.
Polar orbits around weakly accelerated black holes 5.2.1 Perturbations around timelike Schwarzschild geodesics
For trajectories withθ = 0, and constant φ, we extend the coordinate range of θ to cover the range θ ∈ [0, 2π] to describe the regions accessible by a polar orbit. When θ is non-constant, the equations of motion forθ = 0 are difficult to solve. However, a possible case we can study is for small acceleration A, treated as a perturbation of circular Schwarzschild geodesics. For the case A = 0, the equations of motion reduce to that of Schwarzschild. We denote circular Schwarzschild orbits of energy E as having constant radius r = r 0 , and linearly increasing θ 0 = Lτ /r 2 0 , where L is the angular momentum in the θ direction. Expressed in terms of r 0 and m, the energy and angular momentum are [21, 20] 
Considering small A, we write
and substitute into Eqs. (15) and (16) . When expanded to linear order in A the equations
In the above, Eq. (34) has been used to express E, and L in terms of m and r 0 . Eq. (37) can be integrated once directly; the resultingθ 1 iṡ
where K is the integration constant, which may be fixed by considering the following initial conditions:
By the using the same initial conditions on Eq. (17) and comparing with Eq. (38), the integration constant is fixed as K = −m 3/2 /r 0 √ r 0 − 3m. The resulting expression forθ 1 may be substituted into (36) to givë
We see in Eq. (40) that ω 2 < 0 for r 0 < 6m, signalling an instability of the orbit. (The solution for r 1 in this case would be exponentially growing in magnitude.) On the other hand, for r 0 > 6m, we have ω 2 > 0 and Eq. (40) takes the form a harmonic oscillator of frequency ω, driven by a periodic force of frequency Ω, in addition to a constant force.
Resonance is not possible, since from Eq. (41) we have
Therefore ω = Ω only for r 0 → ∞. We conclude that perturbed orbits with r 0 > 6m are stable under a weak acceleration of the black hole.
The solution to Eq. (40), for r 0 > 6m satisfying the initial conditions (39) is
and the solution to θ 1 is
These results can be checked with the numerical solution, as shown in Fig. 5 . It can be seen that the bottom figure with r 0 > 6m exhibits a stable oscillation with its natural frequency ω and driving frequency Ω. The other top figure has an exponentially decaying solution, while the middle row shows the critical solution where ω = 0.
It should be noted that the last term of Eq. (44) increases linearly in τ ; hence, θ 1 increases linearly as τ progresses, eventually taking it beyond the validity of the linearized equations (36) and (37). Therefore, the first-order solution will eventually lose its accuracy as the evolution continues.
Perturbations around null Schwarzschild geodesics
Circular null geodesics exist around Schwarzschild black holes, but are unstable. Therefore we may expect that perturbing the spacetime with small accelerations should not yield any stable oscillations around the original circular orbits. To see this explicitly, we write
and substitute into Eqs. (15) and (16) and expand to linear order in A. Similar to the timelike case, the equation for θ 1 can be directly integrated to yield an expression forθ with an integration constant. Again this integration constant is fixed by comparing the expansion of (17) (this time with ǫ = 0). The result is substituted into the equation of motion for r 1 , givingr
The coefficient of r 1 is always positive, indicating an instability. This result is perhaps not surprising since circular photon orbits around a Schwarzschild black hole (A = 0) are already unstable. From top to bottom, the unperturbed circular orbits are r 0 = 5m, 6m and 7m. 
Polar orbits for general A

Timelike particles
For general values of A that are not necessarily small, we study the solutions numerically. Typical trajectories are shown in Fig. 6 . Timelike particles circling the black hole in the polar direction either fall into the black hole (Fig. 6a) , or get left behind by the accelerating black hole (Fig. 6b) . (Recall that the direction of acceleration in the C-metric is at θ = π.)
If we fix the starting position and consider the outcome of geodesics of different energies, we have three possibilities (i) particles falling into the black hole horizon, (ii) particles escaping to the acceleration horizon, and (iii) a critical point neither falling into the black hole nor escaping to the acceleration horizon. This latter case may be considered as a limiting case between (i) and (ii), and is shown in Fig. 7b , where the numerical solution starts at θ = 0 and it appears to oscillate back and forth between two turning points. This solution was found by fine tuning, as energies slightly higher or lower will respectively, result in the particle falling into the black hole or beyond the acceleration horizon.
Stability of circular orbits
In this section, we obtain solutions corresponding to circular orbits in which the orbital plane is perpendicular to the axis of acceleration. Circular orbits are those with constant (a) E 2 from 0.9 to 0.997. Geodesics are plotted in the constant φ plane; therefore, the black hole is accelerated downward (θ = const) in this figure. It can be seen in Fig. 7a that (i) orbits of E 2 = 0.99 and below will fall into the black hole, and (ii) orbits of E 2 = 0.997 and above escape and eventually pass the acceleration horizon. In the critical point between cases (i) and (ii) the particle oscillates back and forth on the curve shown in Fig. 7b . The value of energy is found by fine-tuning to obtain E 2 ≃ 0.994243.
r and θ. When these values are constant, Eq. (14) implies that φ increases linearly in τ . Orbits of this kind trace out a circle in a plane of constant θ. Such orbits were considered in [6] and were generalized to the case of anti-de SItter C-metrics in Ref. [8] , which we briefly review in the following.
Circular orbit solution
It will be more convenient in this section to revert to the C-metric coordinates (x, y), which are also constant for circular orbits. Hence we denote the x(τ ) = x 0 and y(τ ) = y 0 as the solutions corresponding to circular orbits. We can find these solutions analytically by settingẍ =ẋ = 0 =ÿ =ẏ in Eqs. (12) and (13), giving
Eliminating Φ and E from Eqs. (47) and (48) 
Particles lying on points on the curve defined by Eq. (49) with initial conditionsẋ =ẏ = 0 will be in circular orbit around the black hole. Using either Eq. (47) or (48) in the first integral (9) gives the corresponding energies and angular momenta of circular orbits
Perturbations of circular orbits
In Refs. [6] and [8] , the stability of circular orbits was investigated by looking for the existence of local minima in the potential V eff . In this paper, we try a different, but equivalent approach by perturbing about the circular geodesics (x 0 , y 0 ) and checking to see if the eigenfrequecies of the perturbed geodesic equations are real.
We introduce the perturbations by writing
We substitute Eqs. (51) and (50) into the equations of motion (12) and (13), and expand up to first order in ε. This gives a linear coupled system
where we have defined
The characteristic equation for the system is
which is solved by
The stability of the orbits depends on whether both normal mode frequencies ω = √ −λ are real, or, in other words, both eigenvalues λ ± must be negative. This is guaranteed if the larger one is negative, i.e., λ + > 0. Setting m = 1, we obtain a plot of λ + vs x 0 in Fig. 8 . In the figure, we see that as A increases, the range of x 0 having stable circular orbits (negative λ + ) decreases. If A exceeds a certain critical value A = A crit , then λ + > 0 for all x 0 , and there are no more stable circular orbits. Figure 8 : Plot of λ + vs x 0 . We see that for curves with A < A crit , there exists range of x 0 with negative λ + , thus having a stable circular orbit. The critical point A = A crit is given numerically in (57), which agrees with the results of [6] .
If we examine Eq. (55), we see that A crit corresponds to λ + = 0 having one real root for x 0 within the range −1 < x 0 < 1. This occurs when the term under the square root in (55) equals W + W , which implies
This can be solved numerically to relatively high accuracy, giving
This agrees with the results of [6] , which were found using a different method.
Numerical solutions for bound orbits
In this section, we give a few examples of numerical solutions corresponding to geodesics in region (ii) of Fig. 1 . These are particles confined to a finite area away from either horizon. So in principle, they can continue to evolve within the region indefinitely up to τ → ∞. We will not attempt an exhaustive classification of numerical solutions here, but rather we show some examples of non-circular bound, co-accelerating orbits. In particular, numerical results suggest that closed, periodic orbits may exist. One such orbit is demonstrated in Fig. 9 , where the geodesics show a mushroom-like profile. It would be interesting to consider the possibility of classifying such orbits in a 'periodic table' similar to the periodic tables of Schwarzschild and Kerr geodesics [22, 23] . In other cases, orbits generally do not close exactly. Their trajectories evolve and possibly fill up the region in the r-θ plane defined bounded by E 2 − V 2 eff . Fig. 10 shows a case with a non-closed orbit of A = 0.001, E 2 = 0.92 and Φ 2 = 14.
Conclusion
In this paper, we have obtained the geodesic equations for the Ricci-flat C-metric and analytical solutions for some special cases have been considered. In the case of zero angular momentum, we have radial geodesics along θ = 0 and θ = π. In the case of θ = 0, it is possible for a timelike particle to remain at unstable equilibrium at a fixed distance away from the black hole. The same was not possible for θ = π as there are no local extrema for the effective potential at the south pole.
The geodesic equations were also used to calculate the stability of Schwarzschild circular orbits under small accelerations along the orbital plane. We have found that, for timelike particles, circular Schwarzschild orbits with r 0 < 6m are unstable to small accelerations on the system, causing the particle to fall into the black hole. The orbits with r 0 > 6m are stable as with a small, nonzero A, and the particle makes small oscillations about r 0 , as the perturbation equations takes the form of a harmonic oscillator of frequency ω with a constant force plus a periodic driving force of frequency Ω. We see that the 'natural frequency' ω is always smaller than Ω, and equality is only reached in the limit r 0 → ∞; therefore we will not see resonance behavior for this motion.
There are analytical solutions to the full geodesic equations (A need not be small) representing circular orbits with its axis parallel to the direction of acceleration. Perturbing around the solutions shows that circular orbits are stable for mA ≤ 0.00454 . . ., consistent with the numerical results of [6] which were found by calculating the local minima of V eff .
Co-accelerating orbits that are non-circular were found using numerical integration. There are indications showing the existence of closed periodic orbits with a mushroom-like profile. Analogous periodic orbits in Kerr and Schwarzschild spacetimes were found in Ref. [22] by calculating the energies and angular momenta that give rational ratios of its orbital frequencies. This approach does not seem possible here as we were not able to separate the Hamilton-Jacobi equation for timelike particles in the C-metric. 4 Nevertheless, the Hamilton-Jacobi equations for Schwarzschild geodesics are indeed separable, and this is the A = 0 case of the C-metric equations. It might then be possible to find orbital frequencies for small A by methods of canonical perturbation [24, 25] . This possibility will be considered in a future work.
